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Abstract 

I review the black hole uniqueness theorem and the no hair theorems es- 
tablished for physical black hole stationary states by the early 80'. This 
review presents the original and decisive work of Carter, Robinson, Mazur 
and Bunting on the problem of no bifurcation and uniqueness of physical 
black holes. Its original version was written only few years after my proof 
of the Kerr-Newman et al. black hole uniqueness theoreml! has appeared 
in print. The proof of the black hole uniqueness theorem relies heavily on 
the positivity properties of nonlinear sigma models on the Riemannian non- 
compact symmetric spaces with negative sectional curvature. It is hoped 
that the first hand description of the original developments leading to our 
current understanding of the black hole uniqueness will be found useful to 
all interested in the subject. 



*This review is based on my plenary lecture at GR11 in Stockholm, July 1986. The 
plenary lecture was published in Proceedings of the 11th International Conference on Gen- 
eral Relativity and Gravitation, ed. M. A. H. MacCallum, Cambridge University Press, 
Cambridge 1987, pp. 130-157. 
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I. Introduction 



It is well known that spherical gravitational collapse produces a black hole 
(Oppenheimer and Snyder, 1939). El There are reasons to believe that this is 
true for collapse with small deviations from spherical symmetry (Doroshke- 
vich, Zel'dovich and Novikov, 1966)@ and it was conjectured by Penrose 
(1969)11 that no 'naked singularities' can occur during complete gravitational 
collapse (Cosmic Censorship Conjecture). The Cosmic Censorship Conjec- 
ture is also the fundamental and not yet proved assumption we make when 
studying black hole equilibrium states. The considerable body of work on 
perturbations of stationary black holes brought us the presently accepted pic- 
ture of gravitational collapse (Regge and Wheeler 1957; Visheshwara 1970; 
Ipser 1971, Price 1972; Press and Teukolsky 1973; Wald 1973, and oth- 
ers) .ilSSii@i§ One would expect that a black hole formed by gravitational 
collapse would settle down to a stationary equilibrium state. Properties of 
equilibrium states were extensively studied in the late sixties and early seven- 
ties (Carter, 1971, 1973; Bardeen. Carter and Hawking, 1973; Hawking and 
Ellis, 1973; Hawking, 1973).ii0Ea0 Theorems of Israel, Carter, Hawking 
and Robinson obtained between 1967 and 1975 gave proof of the remarkable 
result that Kerr (1963)0 back holes are the only possible stationary vacuum 
black holes. The first black hole uniqueness theorem came as a surprise when 
Israel (1967, 1968)00 proved that a static, topologically spherical black hole 
is described by the Schwarzschild or the Reissner-Nordstrom solutions. No 
hair and uniqueness theorems for a stationary axisymmetric, topologically 
spherical black hole were obtained by Carter (1971, 1973), i'i Robinson Q974, 
1975),iE Mazur (1982)03110 (and independently by Bunting (1983)1) us- 
ing the Ernst (1968 )0 and Geroch (1971 )E3 formulation of the Einstein equa- 
tions for a stationary and axisymmetric gravitational field equations with a 
nice positivity property. 

The basic assumptions made in a proof of uniqueness theorems were jus- 
tified by Hawking (1973)0 who demonstrated that a stationary black hole 
must be static or axisymmetric and the horizon has a spherical topology. 
Also, Hajicek (1973)0 has shown that the outer boundary of the ergosphere 
must always intersect the event horizon. All these results depend on the va- 
lidity of the Cosmic Censorship Hypothesis. Causality of a part of spacetime 
outside the event horizon is also assumed in a proof of uniqueness theorems. 

In this lecture I describe recent work on black hole uniqueness theorems, 
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reformulating the problem of uniqueness of the Kerr-Newman et al. black 
hole solutions as a problem in the harmonic map theory. I would like to refer 
the reader to the excellent review article by Carter (1979)@ for a more detailed 
account of basic assumptions made in a proof of uniqueness theorems. 

II. The Einstein-Maxwell Equations for Spacetimes with 
One Killing Vector 

The Ernst-Geroch formulation of the Einstein-Maxwell equations for the 
stationary axisymmetric case can be carried out with respect to one of the 
two existing Killing vectors. It is crucial for the proof of black hole unique- 
ness theorems to have such a formulation which leads to the harmonic maps 
between two Riemannian spaces, because only then may one hope to have 
a global divergence identity with the required positivity property. One can 
define, therefore, the Ernst potential with respect to the stationary Killing 
vector d/dt or with respect to the axial symmetry Killing vector d/d<f). How- 
ever, as we will see below, it is the second choice which leads to a Rieman- 
nian metric on the image space of the Ernst potential because the norm 
X = (d/d<j),d/d<j)) is everywhere positive and vanishes only on the symme- 
try axis. X is positive because we assume that the black hole spacetimes 
are causal in the domain of outer communications (Carter, 1979).@ What 
happens when we use the locally timelike Killing vector d/dt! First of all, we 
notice that the norm —V = (d/dt, d/dt) of d/dt changes sign on the ergo- 
surface of rotating black holes. This means that the signature of the metric 
on the image space N of the Ernst potentials is changing as we cross the 
ergosurface of the black hole. The metric on N is pseudoriemannian inside 
the ergosphere. For this reason the global divergence identity is losing its 
nice positivity property and besides the difficulties with deriving boundary 
conditions for black holes, in this case, we cannot apply it in the proof of the 
black hole uniqueness conjecture! 

It may be useful to give a short presentation of a reduction of E-M 
equations from 4-dim to 3-dim using a covariant Geroch formulation for the 
case with one Killing vector £ = t; a d a . Let (A4,g a b) ,F a b be solutions to the 
Einstein-Maxwell equations 

Rab ~ T^RQab = 8nT ab , (1) 
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D b F = 0, 



(2) 



D [a F bc] = 0, (3) 

where 

Tab = (47T)- 1 ^F c a F bc - - A g ab F cd F cd ^ , (4) 

and F ab is the electromagnetic strength tensor. 

Assume that (g a b, F ab )aie invariant with respect to a one-parameter isom- 
etry group generated by the Killing vector field £ = (, a d a , i. e., £gg = £^F = 
0. Our convention for the signature of g ab is ( — h ++) . The projection of 
the E-M equation on the space of orbits of £ is straightforward (we follow 
Geroch formulation and notation (Geroch 1971)"). The metric on the space 
of orbits M is h ab = g a b — A -1 ^^, where A = £ a £ a . At this point it is con- 
venient to notice that when £ is timelike, then h ab is Riemannian; on the 
other hand, if £ is spacelike, as is the case with d/dt Killing vector inside the 
ergosphere of a black hole, then h ab is pseudoriemannian and the reduced 
field equations are hyperbolic in this region! One can also define a twist 
vector u) a which is non-vanishing if £ is not hypersurface orthogonal Killing 
vector, u a = e abc dC, b D c ^ d . In the vacuum case knowing (M, h ab , A, uj a ) one can 
reconstruct (Ai,g a b) completely. In the electrovacuum case one needs more 
information, i. e., we have to know the 'electric' and 'magnetic' fields defined 
as follows: E a = —F ab ^ b , B a = — *F afe £ 6 , which are automatically defined on 
M, i. e., E a ^ a = B a ^ a = 0. Knowing E a , B a one can reconstruct F ab : 

F ab = A" 1 {2i [a E b] - e abcd CB d ) . (5) 

It can be easily seen (Carter, 1972 )! that (g), (|3|) and the Killing equations 
on (g, F) imply the existence of 'electric' and 'magnetic' potentials E and 
B in a simply connected region of M, i. e., E a = V a E, B a = V a B. The 
basic equations for spacetimes with one Killling vector £ which we apply in 
derivation of the reduced E-M equations are the following (we present them 
here for the sake of completeness; it can be seen that using them and the E-M 
equations, one arrives easily at the final Ernst form of the field equations. In 
the following, we will only indicate the main steps in the derivation of the 
reduced equations.) 
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D a £ b = ^\- 1 e abcd ^ d + A-^ [6 V a] A, (6) 
D a D b £ c = £, d Rdabc, (7) 
V[ a a;fe] = —e a bcdi c R e i e , (8) 



V a u a = h'^VaX, (9) 
V a V a A = ^VaAVA - A- 1 ^ - 2i2 a6 f a f 6 , (10) 



{3) R ab = \x~ 2 {u a u b - h ab u c u c ) + -A-^aVfcA - ^X' 2 V a XV b X + h c a h d b R cd , 

(11) 

where ^R a b is the Ricci tensor of h ab . Using the field equations (|l|), (^) and 
equations (0), fllQl) , we arrive at 

V [a u b] = -AE [a B b] . (12) 
It is easy to see that we can define a curl- less 'twist' vector 

u a = -u a + 2 {BE a - EB a ) , (13) 

i. e., V[ a u>b] = 0. In a simply connected region one can define, therefore, a 
potential to : u) a = V a u;. It is easy to check that if we conformally rescale 
the metric h ab using a scale factor depending on A we can cancel the second 
derivatives of A in the expression for the Ricci tensor on the manifold of 
orbits. The required conformal transformation has the form: h ab = A _1 7 afc . 

Introducing the complex Ernst potentials e and if) as follows 

e = -A- ifijj + iu, ip = E + iB, (14) 

and taking all covariant derivatives V a with respect to 7 ab , we can write 
equations (|TTD, (|Tj) and ( |T3| ) in a nice symmetric form of 3-dim Einstein 
equations coupled to the Ernst equations: 
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- AV a V a e = (V a e + 2^V a V) V a e, 
- AV a V> = (V a e + 2^V a ^) V>, 



(15) 
(16) 



R ab (7) = ^ 2 [V (a eV b) e + 2^V (a eV b) ^ + 2^V (a eV fe) ^ + 4AV (a ^V 6) ^] . 

(17) 

Now it can be easily seen that equations flT5|), (|T6| ) and ([T7|) can be derived 



from the action principle of the 3-dim gravity coupled to a harmonic map 
model 



S = j I 7 1 2 d s x (R- L) , (18) 
where R is the Ricci scalar of the metric 7 a6 and L is given by 

L = ^A~ 2 [I Ve + 2VA7-0 | 2 +4 | V-0 | 2 ] . (19) 

L defines an 'energy' integral for a harmonic map between two spaces (M, 7 afc )and 
(N, Hab) ,i- e - ; a map between the space of orbits M of £ with its conformal 
metric 7 afe and the space iV of Ernst's potentials $ A = (e, ^)with the metric 
Hab as defined by L. At this point let me recall the definition of the harmonic 
map. I will give here a definition using coordinate systems on two spaces M 
and N, but one can easily see that it is a coordinate invariant statement. 



Definition 1 Let (M, 7) and (N,H) be two (pseudo)Riemannian manifolds 
with metrics 7 and H respectively. A map g : M — > N which in local co- 
ordinate systems x a and & A on M and N, respectively, can be written as: 
$ = g A (x a ) is called a harmonic map if the energy functional 

I [9] = I f I 7 I* dx^HAB ($) V a $ A V 6 $ B (20) 

zs stable under small deformations of g, i. e., if the Lagrange-Euler equations 
for the functional I [a] are satisfied (Bochner, 19^0; Fuller, 1954; Eells and 
Sampson, iPfi^jSBa N is called the image space of the harmonic map g. 
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The Lagrangian (|T9| ) defines the hermitian metric on the image space N 
of the Ernst potentials e and i/j 

ds 2 = - (Ree + V^)~ 2 [| de + | 2 -4 (Ree + #) ##] • (21) 

It is quite interesting to study properties of this metric. The metric fl2l|) is 
Riemannian only when A = — (Ree + > O;otherwise it is a pseudorie- 
mannian metric. It will be demonstrated later that the image space N is 
in fact the symmetric homogeneous space N = SU (2, 1) / S (U (2) x U (1)) 
when A > 0, and iV = SU (2, 1) /S {U (1, 1) x 17(1)) when A < (Mazur, 
1982a,b, 1984a,b).00@0 Harmonic maps onto homogeneous spaces G/H 
are known in physics as nonlinear sigma models. This peculiar sigma model 
property of the E-M field equations with one Killing vector proved to be 
crucial in proving black hole uniqueness theorems for stationary and axisym- 
metric black holes. Because we are interested in stationary and axisymmetric 
solutions we have to consider further reduction of the E-M field equations. 
We assume that there is another Killing vector rj = r] a d a commuting with the 
previous Killing vector £ = £ a <9 a , i. e., [£,77] = 0. Subsequent 3 — > 2 reduction 
from the space of orbits of £ to the space of orbits of £ and rj is straightfor- 
ward. The Ernst potentials e and if) defined with respect to £ will be well 
defined on the space of orbits M' = M./G2, where G2 is the abelian isometry 
group generated by £ and 77, only if the action of G2 on M. has the orthogonal 
transitivity property. It means that there exists a family of 2-surfaces orthog- 
onal to 2-surfaces of transitivity of G^- The dimensional 4^2 reduction of 
the E-M equations from 4 to 2 dimensions can be carried out if the reduc- 
tion does not depend on the order of the reduction in two steps. We first 
consider 4 — > 3 reduction with respect to £ and later 3^2 reduction with 
respect to rj. The result of this reduction should be the same if we change 
the order of subsequent steps, i. e., we first reduce with respect to 77 and 
later with respect to £. The consistency conditions for the 4 — > 2 reduction 
are, of course, the vanishing of Lie derivatives of e and if> with respect to the 
second Killing vector, i. e., C v e = C^ip = 0,where e and ip are defined with 
respect to £. Analogous conditions should be satisfied for the reversed order 
of the two steps of reduction; they are equivalent to the Frobenius integra- 
bility condition for the orthogonal transitivity of G2. As a result of reduction 
from 4 to 2 dimensions, we will obtain a 2-dimensional gravity. Because any 
2-dimensional manifold is conformally flat and a nonlinear sigma model is 
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conformally invariant in two dimensions, we observe that nonlinear sigma 
model equations will decouple from the two-dimensional gravity. It means 
that we can solve first nonlinear sigma model equations on the 2-dimensional 
manifold of orbits M' choosing the flat metric on M'. The remaining 2-dim 
Einstein equations will determine the metric = e 2r <5 Ml ,, /i = 1,2, i. e., its 
conformal scale T on M' (we have chosen a 'conformal gauge' on M'). Once 
the solution to nonlinear sigma model equations is known we can determine 
the metric on M' and we can reconstruct the four-dimensional spacetime 
g a b) completely. One can see, therefore, that the problem of uniqueness 
of black hole solutions of the Einstein-Maxwell equations can be studied as 
a two dimensional boundary value problem for the nonlinear sigma model 
equations. 

III. Black Hole Boundary Conditions 

To this end let me present the black hole boundary value problem. We 
refer the reader to the more detailed derivation of these conditions discussed 
by Carter (Carter, 1973, 1979). i@ We will follow Carter's notation. Thus if 
£ = d/d(f) we denote A = X and to — Y. The determinant of the matrix of 
scalar products of two Killing vectors £ = d/d<ft, rj = d/dt defines the real 
scalar field p : —p 2 = (£, £) {i], rf) — (£, rf) 2 . The scalar field p vanishes on the 
symmetry axis A, which is a set of fixed points of £ = d/d<j) and on the event 
horizon 7i. p is also a harmonic function on the space of orbits M' of £ and 
rj. After reductions of the E-M equations for stationary and axisymmetric 
fields, we obtain a set of equations on the space of orbits M' 

V M V^p = 0, (22) 



-XV ^ (pV^e) = p (V M e + 2VV M V) V"e, 



- XV, (pVV) = P (V^e + 2VV^) V"V, (23) 
where V, is the covariant derivative with respect to the metric g^ u on the 



space of orbits M' . The black hole solutions are solutions to ( f22|) and ( P3|) for 

the Carter boundary conditions (Carter, 1973, 1979), i'i which can be written 
explicitly once we fix a coordinate system on (M^g^) . Once we know the 
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topology of the event horizon of stationary black holes is R 1 x S 2 (Hawking, 
1972, 1973)00 and the topology of the domain of outer communications is 
R 2 x S 2 we can show, using Morse theory, that the harmonic function p does 
not have critical points on M . It means that a gradient of p and its harmonic 
conjugate function z is non-zero on M (Carter, 1973, 1979). From the 
asymptotic flatness condition, we have that p at large distances behaves as 
the Weyl canonical cylindrical coordinate. The size of the event horizon fixes 
the overall scale of p. We can take p and z, its harmonic conjugate function, 
as the globally well behaved coordinates on M 

p 2 = C 2 (x 2 -l)(l-y 2 ), z = CX y } (24) 

where 

c 2 = M 2 — (J/Mf - Q 2 . 

x = 1 defines the location of the event horizon 7i,y = ±1 are the two branches 
of the symmetry axis A, and we reach the spatial infinity at x — > +oo . 
The black hole's boundary conditions are parametrized by three parameters: 
the angular momentum J, the electric charge Q and the parameter c or 
the total mass of a black hole. The black hole solution is described by the 
asymptotically flat spacetime which is regular on the axis A and on the event 
horizon 7i. These conditions can be translated into the formalism discussed 
above. The asymptotic boundary conditions are: 

E = Qy + (x- 1 ) , 
B = (x- 1 ) , 
Y = 2Jy(3-y 2 ) + 0(x- 1 ), 

X = c 2 x 2 (l-y 2 ) + 0(x- 1 ) , (25) 

as x —>■ oo . The symmetry axis boundary conditions are: E, B, X and Y, 
should be well behaved functions of x and y which satisfy 

d x E = 0(l-y 2 ), d y E = 0(l), 
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d x B = 0(l-y 2 ), d y B = 0(l), 
d x Y = 0(1 - y 2 ), d y Y + 2(Ed y B - Bd y E) = 0(1 - y 2 ), 

X = 0(1 - y 2 ), X-'dyX = -2y(l - y 2 ) 2 + 0(1 - y 2 ), (26) 

as y — > ±1. The event horizon boundary conditions demand only that E, B, 
X and Y are well behaved functions of xand y as x —>■ 1 

d x E = 0(1), d y E = 0(1), 
d x B = 0(1), d y B = 0(1), 
d x Y = 0(1), d y Y = 0(1), 



X = 0(1), X- l = 0(l), (27) 

It was conjectured that the only stationary and axisymmetric black hole 
solutions satisfying these boundary conditions are described by the Kerr- 
Newman et al. (Kerr, 1963; Newman et al., 1965)110 family of solutions 
satisfying the condition of c 2 = M 2 — (J/M) 2 — Q 2 > 0. Great progress in 
proving correctness of this conjecture was achieved initially in the early sev- 
enties (Carter, 1971,1973; Robinson, 1974)@iS and then it culminated in a 
remarkable black hole uniqueness theorem for vacuum black holes (Robinson, 
1975). 

The proof of no hair theorems of Carter and Robinson and Robinson's 
uniqueness theorem for the Kerr black hole made use of remarkable diver- 
gence identities. The common ancestor of these mysterious identities is the 
Green identity for the Laplace equation, which is usually applied to show 
that the Dirichlet or Neuman boundary value problem is well posed. The no 
hair theorems of Carter and Robinson are basically statements about the ab- 
sence of nontrivial bifurcations for solutions of the harmonic map equations 
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d5|) and with the black hole boundary conditions (|2§) and (£7|). 
It means that if we consider the linearized harmonic map equations for small 
perturbations of a harmonic map around a black hole solution with fixed val- 
ues of M, J and Q then there are no perturbations satisfying linearized black 
hole boundary conditions. The conclusion one could draw from these results 
(Carter, 1973)1 was that if there were other solutions, they should form a 
disjoint family of solutions parametrized also by three conserved quantities: 
the total mass M, the total angular momentum J and the electric charge Q. 

What remained to be done was to exclude the possibility of other than 
the Kerr-Newman et al. families of black hole solutions, proving, therefore, 
the black hole uniqueness theorem. For vacuum black holes, this goal was 
achieved by D. C. Robinson in 1975 who found a nonlinear version of Carter's 
divergence identity and applied it to the proof of the black hole uniqueness 
theorem for the Kerr black hole. The most general form of the black hole 
uniqueness theorem was proven only recently 

Theorem 2 Black Hole Uniqueness Theorem (Mazur, 1982a,b; Bunting, 
1983) The only possible stationary and axisymmetric black hole solutions 
of the Einstein-Maxwell equations satisfying boundary conditions $Zb] ) 
and are the Kerr-Newman et al. solutions subject to theconstraint 

M 2 — (J/M) 2 — Q 2 > 0. Black holes are completely characterized by three pa- 
rameters only: the total mass M, the total angular momentum J and the total 
electric charge Q. If there is a magnetic charge P in Nature, then black holes 
will be described completely by the four parameter family of Kerr-Newman et 
al. solutions with M 2 - (J/M) 2 - Q 2 - P 2 > 0. 

Before proceeding with the proof of this uniqueness theorem for black 
holes, I would like first to introduce very useful techniques of the harmonic 
map theory. The remarkable divergence identities of Carter and Robinson 
will emerge as a natural consequence of the harmonic map property of the 
Einstein-Maxwell equations for stationary and axisymmetric fields. 
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IV. Divergence Identities for Harmonic Maps and No 
Hair Theorems 

Harmonic maps enjoy a lot of nice properties; especially we can say this 
for harmonic maps between two Riemannian manifolds where the image man- 
ifold has non-positive sectional curvature (Yau, 1982). It is well known that 
if N has non-positive curvature, than every map from M to iV is homotopic to 
a harmonic map with minimal 'energy'. This existence theorem for harmonic 
maps between two compact Riemann manifolds was established by Eells and 
Sampson (1964) .! Moreover, there exists one to one and only one harmonic 
map in each homotopy class of maps between two compact Riemann man- 
ifolds M and N, when N has negative curvature and if the image of the 
first homotopy group tti (M) of M in tti (N) is not a cyclic group (Hartman, 
1967) .111 Mathematically, the black hole uniqueness theorem is an example 
of a result which shows that under certain boundary conditions the same 
uniqueness theorem for harmonic maps can be extended to the non-compact 
case. I will present here results discussed first in (Mazur, 1984a,b; Mazur 
TPUJ 83 preprint)@'0 (and independently by Bunting (1983)0). Because 
the no hair theorems are concerned with small perturbations of black hole 
solutions, we will be concerned here with the question of 'stability' of har- 
monic maps to a negatively curved Riemann manifold N. The Euler-Lagrange 
equations for harmonic maps can be derived from the variational principle 

V a V a $ A + r£ c V $ s V a $ c = (28) 

For stationary and axisymmetric E-M fields eq. (^8|) is modified in the way 
that a covariant Laplacian in ( pg| ) is replaced by p _1 V (pV) , where p is a 
non-negative harmonic function. This modification does not change conclu- 
sions we will draw about properties of harmonic maps, because all divergence 
identities presented below will be multiplied by a non-negative function p. 

In order to study the problem of bifurcations off a family of black hole 
solutions we need the linearized form of ( p8|) . Let us consider a one-parameter 
family of maps f T : M — > N, represented locally by functions $ A (t,x). A 
tangent vector d/dr to a curve f T with components, X A = d& A /dr satisfies 
the 'small perturbations' equation (the Jacobi 'geodesic deviation' equation; 
see e. g. (Misner, 1978)0) 
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D a D a X A + Ri CD V a ® B V a $ c X D = 0, (29) 

where 

D a X A = W a X A + T A C \7 a <$> B X c . (30) 

It is a general property of nonlinear systems that the nonexistence of lin- 
earized perturbations for a given boundary value problem is sufficient to 
exclude the possibility of a corresponding bifurcating family of exact solu- 
tions. The following divergence identity is useful to determine the possibility 
of bifurcation of solutions to ( pg|) 



V a (H AB X A D a X B ) = H AB D a X A D a X B + R ABCD X A V a $ B X c V a $ D '. (31) 



The divergence term on the l.h.s. of ([31]) ,when integrated over M gives 
the surface term contribution which vanishes for a large class of boundary 
conditions (when M has a boundary dM; for M compact it vanishes iden- 
tically). The first term on the r.h.s. of ([H|)is non-negative when M and 
N are Riemannian. The second term is also non-negative only when the 
sectional curvature of N is non-positive. If the surface term vanishes, as 
happens for black hole solutions, then it follows that each term on the r.h.s. 
of (|3~H) vanishes separately, i. e., 

D a X A = 

and 

X [A X7 a $ B] = 0. 

Then from ([[!]) it follows that 

A A X B =0, 



where 

There can exist a non-zero solution to the zero eigen-value problem for the 



matrix A if its determinant is zero. In general, a given solution of ([28|)for 
which we are seeking bifurcations has the property that A is a non-degenerate 
matrix. One can also see that the number of bifurcations is equal to dim(A^) — 
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rank(A).We conclude that, in general, there are no bifurcations for harmonic 
maps when the sectional curvature of N is non-positive (unless we have a 
degenerate case). The Carter and Robinson no hair theorems are simply 
very special cases of the result I have described briefly above. The positive 
definite divergence identity (|31~l)when applied to electrovacuum black holes, 
i. e., to solutions of ([22]) and (p3|) satisfying black hole boundary conditions 
dH)) (HD an d (|27D gives as a result the black hole no hair theorem (Carter, 
1971, 1973; Robinson, 1974; Mazur, 1984a,b).iiSS ? This is so because 
the image space of the Ernst potentials e and ip is a Riemannian space with 
negative sectional curvature (Mazur, 1982a,b, 1984a,b). MIS It is quite 
interesting that the complicated divergence identities of Carter and Robinson 
are just special cases of the general divergence identity (|3T|)for perturbations 
of harmonic maps to negatively curved Riemann manifold N. It is obvious 
that using a particular Ernst's coordinate system on (JV, Hab) , as given by 



(]2T|), one can obtain a rather unenlightening form of the identity (|31|) . It is 
the advantage of the geometrical approach of harmonic map theory which 
could bring us a better understanding of global black hole solutions. We 
have, therefore, a nice theorem 



Theorem 3 No Hair Theorem (Carter, 1971, Robinson, 1974) There do not 
exist regular, small perturbations of the; stationary and axisymmetric black 
hole solutions of the E-M equations preserving boundary conditions fl23{), ( 26 ) 
and $1% for fixed values of the mass M, the angular momentum J and the 
electric charge Q of a black hole. The only deformations of black holes that 
do exist are those obtained by a change of M, J, and Q. 



It is also easy to see that starting with the divergence identity for small 
perturbations of harmonic maps one can obtain the global divergence identity 
with the required positivity property when N has a non-positive sectional 
curvature. Consider a curve of harmonic maps f T , r £ [0, 1] . Then /o and 
fi are homotopically equivalent. For each the r.h.s. of fl3T|) is non-negative. 
If we integrate both sides of the divergence identity (|3"1"D along a geodesic 
curve f T the right hand side (r.h.s.) will be non-negative. The left hand side 
(l.h.s.) will have a form 

i i 
J drV a V a (H AB X A X B ) = V a V a J dr (d/dr, d/dr) ^ 0. (32) 
o o 
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Taking advantage of the fact that there always exists a unique geodesic join- 
ing two points /o and fx on a simply connected Riemannian manifold N with 
a negative sectional curvature one can evaluate the integral ([$2|). Because f T 
is a geodesic, it means that the norm (d/dr,d/dr) is a constant along f T , 
i. e., (d/dr,d/dr) = c 2 = constant. One can easily see that the geodesic 
distance between f and fi is: 

1 1 
S(foJi) = [ dT^(d/dr,d/dr) = c [ dr = c. 



It means that the r integral in (|32|) is equal to S 2 (fo, fi). In this way we have 
arrived at the Bunting divergence inequality (Bunting, 1983)1 

V a V a S 2 (/ ,/i) >0. (33) 

A similar identity where S 2 was replaced by an arbitrary function of S 2 
with positive first and second derivatives was proposed also by the present 
author (Mazur, 1984a,b; Mazur TPJU-22/83 preprint ).E§E3 One can apply 
the divergence identity (0)to the space N of Ernst's potentials. N is Rie- 
mannian and it has negative sectional curvature. The 'distance' function 
S (fo, fi) for two solutions of the harmonic map equations (|28D (and in the 
special case of Ernst equations (|2"3"|)) satisfying the same boundary conditions 
is non- negative and vanishes only on the boundary. For the case of Ernst's 
equations for the stationary and axisymmetric fields the divergence identity 
is modified by the presence of the harmonic, positive function p : 

V, (pV^ 2 (/ ,/i)) >0. 

When we integrate this identity over the manifold of orbits M' we obtain 
surface terms which vanish. The contribution from the symmetry axis A and 
the event horizon 7i vanishes in virtue of the boundary conditions (|26|)and 
(|2"7|)and because p is vanishing there. The asymptotic boundary conditions 
([25|)imply vanishing of a surface integral at infinity where p — > oo. The r.h.s. 
of the identity (|3"3"D vanishes only when S (fo, f\) is constant everywhere. But 
S (fo, fi) vanishes on the boundary, so it must vanish everywhere. If we 
take fo to be the Kerr-Newman et al. black hole solution and for fi we 
take another possible black hole solution, then vanishing of S (f , fi) implies 
f Q = fi, i. e., the black hole uniqueness theorem (Mazur, 1982a,b; Bunting, 
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1983).c3E3'Q We have seen that the no hair theorems and the black hole 
uniqueness theorem can be proved applying a generalization of the Green 
divergence identity to the case of harmonic maps to Riemannian manifolds 
with non-positive sectional curvature. As it was mentioned above, one can 
easily generalize the inequality ([33]) by taking an even function of S with 
positive first and second derivatives with respect to S. Consider a function 
of o = S 2 , h (a) , and evaluate its Laplacian 

V 2 /i (a) = h! (a) V 2 a + h" (a) (Va) 2 . 

Then 

V 2 h{a) > 0, 

if h' (a) > 0, h" (a) > and fl3~3"|)is satisfied, i. e^if N has non-positive 
sectional curvature (Mazur, 1982b, 1983, 1984a,b).@@§ 

The method the present author used in his proof of the black hole unique- 
ness theorem is based on a divergence identity for the Ernst equations (p3"D , 
whose derivation was based on the observation that the image manifold 
of Ernst's potentials is a homogeneous, symmetric Kahler manifold N = 
SU{2, 1)/S(U(2) x U(l)). This method seems to be much simpler in appli- 
cation because for the electrovacuum black holes the Riemannian space of 
Ernst's potentials e and ip is a symmetric space with the SU(2, 1) isometry 
group. Because of this large symmetry, one can use group theoretical meth- 
ods to construct an SU{2, 1) invariant two-point function h (f , fi) which is 
a certain function of the geodesic distance between two harmonic maps fo 
and fx. The algebraic explicit construction of the global divergence identity 
offers a simple understanding of the otherwise mysterious Robinson identity 
(Mazur, 1982a,b; Mazur, 1984a,b),iliiS0 because the identity produced 
this way reproduces in the vacuum case the Robinson identity (Robinson, 
1975). e3 The construction I am going to describe here has a much broader 
range of applications than solely the black hole uniqueness theorems. It 
can be applied to any nonlinear elliptic sigma model on symmetric Rieman- 
nian spaces with non-compact isometry groups, or, which is equivalent, with 
negative sectional curvature (Mazur, 1984a,b; Mazur and Richter, 1985; Bre- 
itenlohner and Maison, 1986).ffl'fli 
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V. A Global Identity for Nonlinear Sigma Models and 
It Applications: Black Hole Uniqueness Theorem 

Before discussing the most general case of sigma models on symmetric 
Riemannian and hyperbolic spaces and the divergence identity associated 
with them, let me first demonstrate explicitly that the metric ([H]) related to 
the electrovacuum Ernst equations is the left invariant metric on the homo- 
geneous, symmetric and Kahler space N = SU(2, 1)/S(U(2) x II Li))- The 
detailed construction is described in (Mazur, 1982a,b, 1983). HBe! There 
are many ways to see this. The metric (]2lf) is an example of a Hermitian 
metric on an (almost) complex manifold N with complex coordinates z a (in 
the case of electrovacuum Ernst equations, a = 1, 2, z 1 = e, z 2 = ip ): 

ds 2 = k a pdz a dz 13 . 

A complex Hermitian manifold N is a Kahler manifold if it admits a closed 
non-degenerate (1, 1) form 

1 — 

uj = —- k a pdz a A dz 13 . 
One can easily see that the metric ([H|) is Kahler (Mazur 1983), @ i. e., 

d-f^aP = dak^-j, &yk a Jj = dpk a 7y, 

where d a = d/dz a and = d/dz a . Moreover, the metric (^) has 8 holo- 
morphic Killing vectors which generate the Lie algebra of the pseudounitary 
group SU(2, 1). The group G = SU(2, 1) acts on iV nonlinearly by holo- 
morphic (homographic) maps. One can see that by introducing new Ernst 
coordinates w a on N : 

1 W 1 — 1 2 W 2 

~ w 1 + r ~~ w 1 + 1 ' 

and showing that the following holomorphic transformations of w a are in- 
variant transformations of the metric (l2l|) 

: / u\w l + u\w 2 + u\ 
u\w x + u^w 2 + u\ ' 
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9 , vZw 1 + ulw 2 + u\ 
w 2 -- 1 



wfw 1 + u\w 2 + M3 

where the matrix Ug, a, (3 = 1, 2, 3 satisfies the pseudo-unitarity condition 

m + u — rj , rj — diag(l, 1, —1) (34) 

The group G = SU (2,1) acts on iV simply transitively. This means that 
N is a homogeneous Kahler manifold. Every homogeneous manifold of G is 
diffeomorphic to the left coset space G/H for some subgroup H of G. In our 
case, it can be easily seen that H = S(U(2) x U(l)). Fix a point p G N, 
such that U7 Q (po) = 0. Every point p E N can be reached from p by a 
map u : p = upo, u £ G. Two maps u,u' £ G represent the same point if 
u ~ u' = uh, h £ H. H is the isotropy subgroup of po which is isomorphic 
to S(U(2) x U(l)). The equivalence relation ~ defines the coset space G/H. 
The homogeneous space N = SU(2, 1)/S(U(2) x U(l)) is also a symmetric 
space. The last property helps to construct a unique left G invariant metric 
on N in terms of a coset representative g. 

We would like to reformulate the Ernst equations (^) associated with 
the metric (^1|) in terms of group theoretical objects, like a coset repre- 
sentative g(uH) = g(u), making their SU(2, 1) covariance explicit. This 
will help us to construct the generalized Robinson identity in the obvious 
way. Exploiting the SU(2, 1) covariance of the field equations (|23| ) one can 



obtain an SU (2,1) invariant divergence identity for two solutions of (f23|). 
The metric (|2l|) is a left SU(2, 1)— invariant metric on a symmetric space 
iV = SU(2, 1)/S(U(2) x U(l)). This leads to a nonlinear sigma model form 
of the Ernst equations (|23|) , once we go from the Ernst parametrization of 
iV to a coset space representation of N. We give here a short derivation of 
a global divergence identity for nonlinear sigma models on symmetric spaces 
and apply it to the electrovacuum Ernst equations. 

We define the symmetric space as a triple (G, H, n) where G is a con- 
nected Lie group, and if is a closed subgroup of G defined by an involutive 
automorphism /i of G such that (G M )o C H C G^ with G M and (G>)o being 
the set of fixed points of \x and its identity component, respectively. An in- 
volutive automorphism /i defines also a smooth mapping g of a coset space 
G/H into G : 

g(u) = un(u)~ l , g(uH) = g(u). 
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The G— valued field g satisfies a constraint: 

gfi(g) = I. 

In terms of g one can naturally introduce the left G— invariant metric on 
G/H : 

dS 2 = l -Tr{dgg- l f. 

If G is a non-compact group and H is its maximally compact subgroup, then 
the metric }fTr(dgg~ 1 ) 2 is Riemannian. A harmonic map from a Riemannian 
space M to a Riemannian coset space N = G/H is called a nonlinear sigma 
model with the Lagrangian 

L= l -Tr{J a J a ) ) J a = V a gg-\ (35) 

and field equations 

V a J a = 0. (36) 

The field equation fl36l)is covariant under the left G translation on G/H. A 
global divergence identity for the nonlinear sigma model (^)can be obtained 
exactly in the same way as the Green identity for the Laplace equation. 
To this end, consider two fields g and g±, not necessarily solutions of (PB"|). 
Define a field 

$ = 9o9i\ 

which transforms under the rigid left G— translations on N, 

Uq — > UUq,Ui — > UUl, 

u G G, in a simple way: 

$ — ► u$u~ l . 

One can easily see that the trace of is invariant under the rigid G— translations 
of two points on N. It means that Tr<3> is a function of geodesic distance be- 
tween g and g\ : 

Tr$ = h(S), S = S(g ,gi). 
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Evaluating the covariant Laplacian of Tr$ and using ([53)we arrive at the gen- 
eralized Green identity for nonlinear sigma models (Mazur, 1982a,b, 1984a,b)iiS0 



V a V a h = Tr [$V a (J (0)a - J« a )]+Tr [$ (j^J^ a + J«J« a - 2J^J^ a )} 

(37) 

where = V a #i& i = 0, 1. 



Theorem 4 (Mazur, 1982b, 1984a) A global identity (p?|)/or Riemannian 
nonlinear sigma models has a positivedefinite right hand side if go and g\ 



are solutions to (36) and the following conditions on N are satisfied: 



1. N = G/H is a Riemannian symmetric space with non-compact isome- 
try group G. 

2. N has a non-positive sectional curvature. 

We can see now a direct correspondence of this result to the basic prop- 
erties of harmonic mappings to a Riemannian space N with non-positive 

sectional curvature discussed before. For the electrovacuum Ernst equations, 
the identity fl3"T|)is a generalization of the Robinson identity and also it co- 
incides with Robinson's identity for the vacuum case. This form of the di- 
vergence identity (^7|)proves to be very useful in evaluating surface terms 
for black hole boundary conditions because the function h = Tr$ turns out 
to be only a rational function of Ernst potentials. The symmetric space 
N = SU(2, l)/S(U(2) x £7(1)) is singled out by the existence of an inner 
involutive automorphism of G = SU(2, 1) : 

U -> fl(u) = 7]U7]~ l , 7] = (1, 1, -1), 

because fi(H) = H, H = S(U(2) x U(l)). A coset representative 

g = uii{u)~ l , 
which is an element of G = SU{2, 1), i. e., 

g+Tjg = r], 
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satisfies also a constraint 

9H(9) = = I- 

This implies that g is a hermitian matrix g + = g. Writing 

9 = V + 2P, 

one can see that P satisfies the following constraints: 

P+ = p, (p v ) 2 = -P V . 

We will recover the Ernst parametrization of 577(2, \)/S{U{2) x U{\)) and 
satisfy constraints on P if we write 

pa/3 = v a-^ 

where 

v a ri a(} v f, = -l, a, (3 = 1,2,3, 

and define 

1 2 
1 V 1 2 V 2 
w — — , w — —. 

yd yi 

w 1 and w 2 can be written in terms of Ernst's potentials e and ip as follows: 

i 1 + e 2 2 ^ 
1 — e 1 + e 

Using the Ernst parametrization of the coset space element g which was 
discussed aboveone can calculate a function h(S) = Tr$ in terms of the 

Ernst potentials X i: Y i: Ei and B i: % — 0, 1 

h(S) = Tr$ = {(X - X,) 2 + 2 (X + X,) [(E - E x f + (B - B 1 



+ [(£ - E^ 2 + (S - Br) 2 ] 2 + [F - Yi + 2 (^Bq - E B 1 )} 2 } (38) 
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The black hole uniqueness theorem for electrically charged black holes 
can be obtained by a straightforward application of the divergence identity 
(|5?D . When we integrate the l.h.s. of (|37|)we obtain a surface term which 
can be shown, after using (0), to be vanishing for the black hole boundary 
conditions (p5|) , (p6[ ) and (|27|). Because the r.h.s. of (|37|)is positive definite, 
it means that h = const. This is consistent with the boundary conditions 
and (|38|) only when X = Xi, Y = Yi, E = E x and B = B\. It means that 
the Kerr-Newman et al. family of solutions with M 2 — (J/M) 2 — Q 2 > 
characterizes completely the stationary equilibrium black hole states in the 
Einstein-Maxwell theory. Concluding this talk, I would like to point out 
that it was only possible to prove black hole uniqueness theorems for the 
stationary black holes which are also axisymmetric. It is fortunate that the 
Einstein-Maxwell equations reduce to harmonic mapping equations which are 
moreover conformally invariant in the case of stationary and axisymmetric 
black holes. One may hope that the reasonable extension of arguments pre- 
sented here may lead to the solution of the uniqueness problem for stationary 
black holes, without assumption of axial symmetry. 
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